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Abstract
In the paper we study the process of excitation of Langmuir waves in the magnetospheres
of active galactic nuclei (AGN), by taking a general-relativistic expression of the Goldreich-
Julian density into account. We considered the linearised set of equations which describe
dynamics of the studied mechanism: the Euler equation, the continuity equation and the
Poisson equation. After solving the dispersion relation and obtaining the instability growth
rate, we explored it versus several physical parameters: electron’s and proton’s relativistic
factors and the mass and luminosity of AGN, which are supposed to be Kerr black holes.
We showed that the parametric process of energy pumping into the Langmuir waves is very
efficient and the electrostatic field’s amplitude will be exponentially amplifying, whichmight
account for pair creation, particle acceleration and plasma heating processes in the nearby
regions of AGN.
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1. INTRODUCTION

One of the fundamental problems of astrophysics of compact objects is understanding of a
particular mechanism responsible for energy pumping into waves, very high energy (VHE)
particles and radiation. Very often, all these three might be closely related to each other. In
particular, for the magnetospheres of pulsars [1–3] and black holes [4–7] it was shown that
particles might be energized to VHE via the magneticentrifugally excited Langmuir waves.

The role of centrifugal effects in the rotating magnetospheres has been considered by [8, 9]
for pulsars, where the author has pointed out that for accelerating particles to high energies
two necessary factors should exist: strong magnetic field and rotation.

It is strongly believed that the nearby regions of AGNs are characterized by magnetic fields,
strong enough to bound the charged particles on the field lines - frozen in condition [10].
On the other hand, magnetospheres of AGN are rotating, because of the central object which
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is assumed to be a Kerr-type black hole [11, 12]. Therefore, the magnetocentrifugal effects
should be essential.

Originally the idea of the centrifugally driven electrostatic field for the black hole mag-
netospheres has been proposed by [13] where it has been found that due to the frozen-
in condition the plasma particles follow the co-rotating magnetic field lines, experience
centrifugal force, which parametrically drives the Langmuir waves via charge separation.
During this process, the electric field’s amplitude will evolve with time exponentially and
under certain conditions, it might reach a threshold value 1.4 × 1014 statvolt cm−1, when
efficient pair production will start via the Schwinger process [14].

In the aforementioned paper a simple expression of particles’ density has been used. In
particular, the so-called Goldreich-Julian (GJ) density [15] without taking general relativistic
effects into account has been considered. On the other hand, general-relativistic corrections
might be important. This problem has been studied by [16] where the authors generalized an
expression of the GJ denisity for Kerr-type black holes.

Here extend our previous works for more general case and study how the Langmuir modes
are driven in the AGN magnetospheres.

The paper is organized as follows: in Sec.2, general approach is considered, in Sec. 3, the
model is applied to an AGN environment, for which we obtain results, and in Sec. 4, we
sumarize them.

2. MAIN CONSIDERATION

According to the original concept, the generation of Langmuir waves in a medium rotating
with the angular velocity, Ω0, is described by the system of linearized equations (in Fourier
space) [5–7]

𝜕𝑝𝛽

𝜕𝑡
+ 𝑖𝑘𝜐𝛽0 𝑝𝛽 = 𝜐𝛽0Ω

2
0𝑟𝛽 𝑝𝛽 +

𝑒𝛽

𝑚𝛽

𝐸, (1)

𝜕𝑛𝛽

𝜕𝑡
+ 𝑖𝑘𝜐𝛽0𝑛𝛽 , +𝑖𝑘𝑛𝛽0𝜐𝛽 = 0 (2)

𝑖𝑘𝐸 = 4𝜋
∑
𝛽

𝑛𝛽0𝑒𝛽 , (3)

where Eq. (1) is the equation of motion by taking a centrifugal force into account, Eq. (2)
is the continuity equation, and Eq. (3) is the Poisson equation. Here, 𝛽 denotes an index
of species (protons or electrons), 𝑝𝛽 is the dimensionless first order momentum, 𝑘 is the
wave number of the corresponding wave, 𝜐𝛽0 (𝑡) ≈ 𝑐 cos

(
Ω0𝑡 + 𝜙𝛽

)
denotes the unperturbed

velocity and 𝑟𝛽 (𝑡) ≈ 𝑐
Ω0

sin
(
Ω0𝑡 + 𝜙𝛽

)
is the radial coordinate, 𝑒𝛽 is the particle’s charge, 𝑛𝛽

and 𝑛𝛽0 are the first and zeroth order Fourier terms of the number density.

As it is clear from the first term of the right hand side of Eq. (1), which is the contribution
from the centrifugal force, it differenciates between electrons and protons, which leads to
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charge separation. This in turn, via the Poisson equation, excites the electrostatic waves. By
following the aforementioned papers and substituting the ansatz

𝑛𝛽 = 𝑁𝛽𝑒
−

𝑖𝑉𝛽𝑘

Ω0
sin(Ω0𝑡+𝜙𝛽) , (4)

into Eqs. (1-3), one can derive the dispersion relation of the induced modes

𝜔2 − 𝜔2
𝑒 − 𝜔2

𝑝𝐽
2
0 (𝑏) = 𝜔2

𝑝

∑
𝜇

𝐽2
𝜇 (𝑏)

𝜔2

(𝜔 − 𝜇Ω0)2 , (5)

where 𝜔 is the frequency of the Langmuir wave, 𝜔𝑒,𝑝 ≡
√

4𝜋𝑒2𝑛𝑒,𝑝/𝑚𝑒,𝑝𝛾
3
𝑒,𝑝 denotes the

Langmuir frequency of the corresponding component, 𝑛𝑒,𝑝, 𝑚𝑒,𝑝 and 𝛾𝑒,𝑝 are the charge,
mass and the relativistic factor of electrons and protons respectively, 𝐽𝜇 (𝑥) denotes the Bessel
function of the first kind, 𝑏 = 2𝑐𝑘 sin 𝜙/Ω0 and 𝜙 is a phase parameter. It was found by [5–7]
that the aforementioned equation characterised by resonance conditions, 𝜔 = 𝜇Ω0 + 𝛿 with
𝛿 << 𝜔𝑒, leads to the following cubic equation

Δ3 =
𝜔𝑒𝜔𝑝

2𝐽𝜇 (𝑏)2

2
, (6)

having the solution

Γ =

√
3

2

(
𝜔𝑒𝜔𝑝

2

2

) 1
3

𝐽𝜇 (𝑏)
2
3 , (7)

which is the growth rate of the instability, were 𝜇 = 𝜔𝑒/Ω0. One should note that the
instability has a parametric character because the relativistic centrifugal force is harmonically
time dependent and as a result the amplitude of the electric field will asymptotically increase.

3. DISCUSION AND RESULTS

A supermassive black hole located in the center of AGN has the angular velocity [11]

Ω0 ≈ 𝑎𝑐3

𝐺𝑀
≈ 10−3 𝑎

𝑀8
𝑟𝑎𝑑/𝑠2, (8)

which is essential for magnetocentrifugal acceleration. Here, 𝑎 denotes a dimensionless spin
parameter (throughout the paper we consider black holes with 𝑎 = 0.1),𝐺 is the gravitational
constant, 𝑀 is the black hole’s mass, 𝑀8 ≡ 𝑀/(108𝑀𝑠) and 𝑀𝑠 ≃ 2 × 1033g is the solar
mass.

Another important factor the present mechanism strongly depends on is the magnetic field.
By taking into account the equipartition model (the energy density of magnetic field is of the
same order as the energy density of radiation) leads to a following expression

𝐵 ≃ 1
𝑟

√
2𝐿
𝑐

≃ 2.8 × 102 × 𝑅𝐻

𝑟
× 𝐿1/2

42 , (9)

where 𝑅𝐻 ≃ 2𝐺𝑀/𝑐2 is the event horizon radius for a small spin parameter, 𝐿 is the
luminosity of AGN and 𝐿42 = 𝐿/(1042𝑒𝑟𝑔 𝑠−1).
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Figure 1: Behaviour of the dimensionless time-scale versus 𝛾𝑝. The parameters are: 𝑀8 = 1,
𝐿42 = 1, 𝜃 = 𝜋/4, 𝑟 = 𝑅𝑙𝑐/sin 𝜃, 𝛾𝑒 = 102.
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Figure 2: Behaviour of the dimensionless time-scale versus 𝛾𝑒. The parameters are the same as in
FIGURE 1, except the fixed value of 𝛾𝑝 = 102 and an interval of 𝛾𝑒 = (1 − 2) × 102.
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Figure 3: Dependence of 𝜏/𝑃 on the luminosity of the AGN. The parameters are the same as in
FIGURE 1, except 𝛾𝑒 = 102 and 𝐿 = (1 − 10) × 1042 erg s−1.
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Figure 4: Dependence of 𝜏/𝑃 on the luminosity of the AGN. The parameters are the same as in the
previous figure, except 𝐿 = 1042 erg s−1 and 𝑀8 = 0.1 − 10.
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In the light cylinder zone (a hypothetical area where the linear velocity of rotation equals the
speed of light) the particles might be accelerated up to the maximum relativistic factors 𝛾𝑚𝑝 ≃
𝛾0

(
𝑒𝐵𝑙𝑐/(2𝑚𝑝Ω𝑐)

)2/3 ≃ 1.2×107×𝐿1/3
42 [17]. This is provided by the breakdown of the bead

on the wire approximation, when energy of particles is so high that particles do not follow the
field lines any more. The acceleration of electrons, in turn, will be limited by means of the
inverse Compton mechanism [18], 𝛾𝑚𝑒 ≃

(
8𝜋𝑚𝑒𝑐

4/(𝛾0𝜎𝑇𝐿Ω)
)2 ≃ 2.4×104×𝐿−2

42 . We have
assumed that electrons and protons initially are mildly relativistic and have equal relativistic
factors of the order of 10, which is the typical value for AGN outflows.

It is natural to think that rotation can influence the distribution of particles in the magne-
tosphere, which actually is the GJ density and has originally been introduced for pulsars,
but have been used also to AGNs. [16], considering the gap-type particle acceleration, have
generalized the GJ density for the Kerr-type black holes, which for the leading term writes
as

𝑛𝐺𝐽 ≃
(
Ω −Ω𝐹

)
𝐵𝐻𝑟

2
𝐻 cos 𝜃

𝜋𝑐𝑒𝛼𝑙𝜌2 , (10)

where 𝜃 denotes the angle with respect to the polar axis, Ω = 2𝑐𝛼𝑠𝑟𝑔𝑟/Σ2 is the angular
velocity relative to absolute space, 𝛼𝑠 = 𝑎𝑟𝑔, 𝑟𝑔 = 𝐺𝑀/𝑐2 denotes the gravitational radius,

Ω𝐹 = 𝑐𝛼𝑠/4𝑟𝑔𝑟𝐻 is the angular velocity of magnetic field lines, 𝑟𝐻 = 𝑟𝑔 +
√
𝑟2
𝑔 − 𝛼2

𝑠 denotes
the radius of the black hole’s event horizon, 𝛼𝑙 = 𝜌

√
Δ/Σ, 𝜌2 = 𝑟2 + 𝛼2

𝑠 cos2 𝜃, Δ = 𝑟2 −
2𝑟𝑟𝑔 + 𝛼2

𝑠 and Σ2 =
(
𝑟2 + 𝛼2

𝑠

)2 − 𝛼2
𝑠Δ sin2 𝜃. For more details please see the work [16].

Nowwe have to consider the parametric instability of the Langmuir wave excitation and study
its efficiency. In the framework of the paper we assume that equipartition energy distribution
is valid for each of the species (electrons and protons): 𝑛𝐺𝐽𝛾

𝑚
𝑒 ≃ 𝛾𝑒𝑛𝑒 and 𝑛𝐺𝐽𝛾

𝑚
𝑝 ≃ 𝛾𝑝𝑛𝑝.

As a first example we study the instability growth rate in the light cylinder area, having the
radius, 𝑅𝑙 = 𝑐/Ω0, versus 𝛾𝑝, for the fixed value of 𝛾𝑒 = 104. In FIGURE 1 the dependence
of the time-scale of the instability, 𝜏 = 1/Γ, (normalised by the kinematic time-scale, 𝑃 =
2𝜋/Ω0, which is the period of rotation of the black hole) is shown. Other parameters are:
𝑀8 = 1, 𝐿42 = 1, 𝜃 = 𝜋/4, 𝑟 = 𝑅𝑙𝑐/sin 𝜃, 𝛾𝑒 = 102. As it is evident, the instability
time-scale is small compared to the kinematic time-scale, which indicates that the energy
pumping mechanism is very efficient, and is characterised by the exponential amplification
of the amplitude of electrostatic field. But one should note that 𝜏/𝑃 is an increasing function
of 𝛾𝑝 and one can check that for 𝛾𝑝 ∼ 2 × 104 the instability time-scale will no longer be
small compared to the kinematic time-scale and the instability will be strongly suppressed.

FIGURE 2 shows the similar behaviour as in FIGURE 1, but versus the relativistic factor
of electrons. The set of parameters is the same as in FIGURE 1, except 𝛾𝑝 = 102 and
𝛾𝑒 = (2 − 2) × 102. Here as well, we see that for the mentioned physical parameters the
instability is very efficient. Unlike the previous case, 𝜏/𝑃 is a decreasing function of 𝛾𝑒 and
therefore, the higher its value, the more efficient the instability is.

In FIGURE 3 we show 𝜏/𝑃 versus the AGN luminosity. The parameters are the same as in
FIGURE 1 except 𝛾𝑒 = 102 and 𝐿 = (1 − 10) × 1042 erg s−1. On the plot we observe the
similar situation, when the energy pumping process to Langmuir waves is very efficient and
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since the plot is a decreasing function of 𝐿 for more luminous AGNs the instability becomes
stronger.

FIGURE 4 shows the dependence of 𝜏/𝑃 versus the black hole’s mass. The parameters are
the same as in the previous figure, except 𝐿 = 1042 erg s−1 and 𝑀8 = 0.1 − 10. It is evident
that the instability time-scale is very small compared to the kinematic time-scale, therefore,
the process is extremely efficient.

One important factor which can limit the process of amplification of Langmuir waves is
Landau damping, characterised by the growth rate, Γ𝐿𝐷 ≃ 𝑛𝐺𝐽𝛾

𝑚
𝑝𝜔𝑝/(𝑛𝑝𝛾𝑝) [19]. One can

check that the LD increment is small compared to the wave excitation growth rate, implying
that the electric fields’ amplification will rapidly continue.

As a result, the electric fields’ amplitudes will exponentially evolve in time

𝐸 ∝ 𝑒Γ𝑡 , (11)

which, for high values of Γ might lead to pair creation. In particular, if the electric field
reaches the value 1.4×1014 statvolt cm−1, efficient pair productionwill start via the Schwinger
mechanism [14]. Therefore, a next step is to consider a similar problem which we have done
for pulsars [20] and study pair cascading in AGN magnetospheres.

4. SUMMARY

In the paper we considered the parametrical instability of energy pumping from rotation
directly to the Langmuir waves by taking general-relativistic corrections to the GJ density.

To study this problem, we examined the set of linearised equations which fully describe the
mentioned process: Euler equation, continuity equation and the Poisson equation and derived
the dispersion relation of the Langmuir wave.

By solving the dispersion relation we obtained the instability growth rate which has been
analysed versus several important physical parameters: electron’s and proton’s relativistic
factors, AGN luminosity and the mass of the central black hole.

We have found that for a variety of cases the process of parametrically excited Langmuir
waves is very strong,t leading to the exponential growth of the electrostatic field’s amplitudes.

It has been pointed out that such a behaviour might lead to pair cascading processes, which
might be significant in AGN astrophysics.
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