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Abstract
In this paper, we have studied Bianchi type I space-time in the presence of domain walls in
the context of 𝑓 (𝐺) theory of gravitation. Field equations are solved by using the special
form of deceleration parameter. It is also assumed that expansion is proportional to the shear
scalar of the model. Some physical parameters are discussed in detail.
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1. INTRODUCTION

Modified theories of gravitation (MTG) are proposed to explain accelerated expansion of the uni-
verse. It is an alternative way to dark energy hypothesis. Late time acceleration, Solar system test,
inflation have been successfully achieved in 𝑓 (𝑅) MTG [1-4]. The galactic dynamic of massive test
particle in the framework of 𝑓 (𝑅) theory was constructed by Capozziello et al.[5]. Harko et al.[6]
have proposed another modified theory viz. 𝑓 (𝑅,𝑇) theory, where the gravitational Lagrangian is
given by an arbitrary function of the Ricci scalar 𝑅 and of the trace of the energy tensor 𝑇 . An
upper limit on the magnitude of solar system is obtained in 𝑓 (𝑅,𝑇) MTG. Further, it is warned that
the production of 𝑓 (𝑅,𝑇) MTG may lead some major differences as compared to that of general
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theory of relativity. Another modification of general theory of relativity is proposed by introducing
Lagrangian is function of 𝐺, the Gauss-Bonnet curvature invariant. The term 𝐺 in Lagrangian
can avoid ghost contribution and help in regulation of the gravitational action [7]. It is possible to
construct cosmologically viable models in 𝑓 (𝐺) which are consistent with general relativity.

It is well known that universe at early time behaved like anisotropic. Bianchi type I Kasner form is an
important anisotropic solution of general relativistic model. Bianchi type I is simplest generalization
of Friedmann-Robertson-Walker model. It is useful to discuss the phenomenon of galaxy formation
in early epoch of the universe. There have been numerous studies of Bianchi type I metric in the
literature. Katore et al.[8] have explored Bianchi type I for strange quark matter. Pradhan et al.[9]
have studied massive string cosmological models in Bianchi type I universe. Yadav et al.[10] have
solved Einstein’s field equations for Bianchi type I space time. Moreover, the way in which the
Bianchi type play a role in the investigation of anisotropies makes it the obvious starting points
for understanding to cosmological solutions of MTG. In addition to this, topological defects like
monopoles, strings and domain walls are formed in the early phase transition of the universe. Hill
et al.[11] have shown that domain walls are important to explain large scale structure of the universe.
Decrease of energy density of domain walls is slower than that of matter, therefore, domain walls
dominate the universe. If domination of walls survived until the present, it will deteriorate the
accomplishment of standard cosmological model [12]. Besides, it will affect the expansion of
the universe formation of galaxies and excessive anisotropy in the cosmic microwave background
[13]. In this paper we propose to investigate production of gravitational wave from domain walls.
Solution of field equations is given in section 2. Section 3, contains a conclusion of our results.

2. SOLUTION OF FIELD EQUATIONS

The topological invariant 𝐺 in four dimension may lead interesting effect and for specific choice
of the function 𝑓 (𝐺) may describe late time acceleration of the universe. Moreover, the 𝑓 (𝐺)
theory have passes solar system test. Past deceleration to recent acceleration transition phase of the
universe is also possible in this theory [14]. Let us consider the action of the 𝑓 (𝐺) gravity as

𝑆1 = 1
2𝑘

∫
[𝑅 + 𝑓 (𝐺)]√−𝑔𝑑4𝑥 + 𝑠𝜑(𝑔𝑖 𝑗 , 𝜑), (1)

where 𝑔 is the determinant of the metric tensor 𝑔𝑖 𝑗 , 𝑘2 = 8𝜋𝐺𝑀 , 𝐺𝑀 is the gravitational constant.
𝜑 is the matter field and 𝑠𝜑 represents matter action. 𝑓 (𝐺) is purely metric theory since the matter
and metric tensor 𝑔𝑖 𝑗 are minimally coupled. The Gauss-Bonnet invariant 𝐺 is given by

𝐺 = 𝑅2 − 4𝑅𝑖 𝑗𝑅
𝑖 𝑗 + 𝑅𝑖 𝑗𝜇𝜈𝑅

𝑖 𝑗𝜇𝜈 , (2)

where 𝑅 and 𝑅𝑖 𝑗 are the Ricci scalar and Ricci tensor respectively. 𝑅𝑖 𝑗𝜇𝜈 stands for Riemannian
tensors. By varying the action in equation (1) with respect to the metric 𝑔𝑖 𝑗 , corresponding field
equations are obtained as follows:

𝑅𝑖 𝑗 −
1
2
𝑅𝑔𝑖 𝑗 + 𝛿[𝑅𝑖𝜇 𝑗𝜈 + 𝑅𝜇 𝑗𝑔𝜈𝑖 − 𝑅𝜇𝜈𝑔 𝑗𝑖 − 𝑅𝑖 𝑗𝑔𝜈𝜇 + 𝑅𝑖𝜈𝑔 𝑗𝜇

+1
2
𝑅(𝑅𝑖 𝑗𝑔𝜇𝜈 − 𝑔𝑖𝜈𝑔 𝑗𝜇)]∇𝜇∇𝜈 + (𝐺 𝑓𝐺 − 𝑓 )𝑔𝑖 𝑗 = 𝑘𝑇𝑖 𝑗 ,

(3)
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here ∇𝜇 denotes the covariant derivative and 𝑓𝐺 denotes the derivative with respect to 𝐺 of the
function 𝑓 . Large-scale structure of the universe is nearly isotropic at the present time. However,
it is anisotropic locally which needs to study by analyzing the anisotropic models. When 𝑘 = 0 in
the Friedmann-Robertson-walker model, the resulting perturbation have to be Bianchi type I. The
perturbation die away at late time. Exact power law solution for anisotropic universe in Gauss-
Bonnet gravity are obtained by Fayaz et al.[15]. Late time accelerating expansion of the universe
is investigated by Li et al.[16]. Nojiri et al.[17] have proposed Gauss-Bonnet dark energy. The
Bianchi type I line element is considered as

𝑑𝑠2 = 𝑑𝑡2 − 𝐴2𝑑𝑥2 − 𝐵2
(
𝑑𝑦2 + 𝑑𝑧2

)
, (4)

where 𝐴 and 𝐵 are metric potentials and functions of cosmic time 𝑡. The Gauss-Bonnet invariant 𝐺
for the line element (4) is obtained as:

𝐺 = −8
[
¥𝐴 ¤𝐵2

𝐴𝐵2 + 2
¤𝐴 ¤𝐵 ¥𝐵
𝐴𝐵2

]
, (5)

The motion of domain walls is governed by its surface tension. Thickness of domain walls is
comparable with the thermal wavelength 𝜏−1. At 𝜏 = 1𝐺𝑒𝑣 the thickness of walls are very thin
[18].The energy momentum tensor of domain walls is taken as

𝑇𝑖 𝑗 = 𝜌(𝑔𝑖 𝑗 + 𝑢𝑖𝑢 𝑗) + 𝑃𝑢𝑖𝑢 𝑗 (6)

with 𝑢𝑖𝑢𝑖 = −1. Recently, Sahoo and Mishra [19] have studied domain walls in Bimetric theory.
Katore et al.[20] have investigated domain walls in 𝑓 (𝑅,𝑇) theory of gravitation. Caglar and Aygun
[21] have studied quark matter attached to domain walls in self creation theory. The field equations
(3) for the line element (4) are explicitly written as

¤𝐵2

𝐵2 + 2
¥𝐵
𝐵
− 16

¤𝐵 ¥𝐵
𝐵2

¤𝑓𝐺 − 8
¤𝐵2

𝐵2
¥𝑓𝐺 + 𝐺 𝑓𝐺 − 𝑓 = 𝑘𝜌 (7)

¥𝐵
𝐵

+
¥𝐴
𝐴
− 8

( ¤𝐵 ¥𝐴
𝐴𝐵

+
¥𝐵 ¤𝐴
𝐵𝐴

)
¤𝑓𝐺 − 8

¤𝐵 ¤𝐴
𝐴𝐵

¥𝑓𝐺 + 𝐺 𝑓𝐺 − 𝑓 = 𝑘𝜌 (8)

¤𝐵2

𝐵2 + 2
¤𝐴 ¤𝐵
𝐴𝐵

− 24
¤𝐴 ¤𝐵2

𝐴𝐵2
¤𝑓𝐺 + 𝐺 𝑓𝐺 − 𝑓 = −𝑘𝑃 (9)

We have system of three equations (7)-(9) in five unknown 𝐴, 𝐵, 𝑓 , 𝜌, 𝑃. We need two more condi-
tions to solve the system completely. Firstly we consider physical viable relation between expansion
scalar and shear scalar and secondly we assume special form of deceleration parameter which are
defined below. We define expansion scalar and shear scalar as

𝜃 =
¤𝐴
𝐴

+ 2
¤𝐵
𝐵

(10)

𝜎 = 1
√

3

( ¤𝐴
𝐴
−

¤𝐵
𝐵

)
(11)
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Figure 1: Plot of deceleration parameter versus redshift z

Now from the observations of extra galactic sources, it is found that Hubble expansion of the
universe may be isotropic when 𝜎

𝜃 is constant [22]. Collins et al.[23]have shown that 𝜎 is pro-
portional to 𝜃. From equations (10) and (11), we deduce the following relation by assuming that 𝜎
is proportional to 𝜃.

𝐴 = 𝐵𝑛 (12)

where 𝑛 is constant. Shamir and Raza [24] have solved system of 𝑓 (𝑅) gravity equations by
assuming 𝜎

𝜃 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 for Bianchi type I metric. Chirde et al.[25] have assumed this condition
to solve field equations of 𝑓 (𝑇) gravity for Bianchi type I metric.As discussed above the universe
exhibits phase transition from decelerating to accelerating. It is also observed from SNe Ia [26]
and CMB anisotropies [27]. Sign of deceleration parameter is used to describe the nature of the
universe. It is geometric and positive value indicate deceleration whereas negative value stands for
acceleration of the universe. The law of variation of Hubble parameter yield a constant value of
deceleration parameter which is not consistent with observations. To overcome this, Kumar and
Singh [28], Akarsu and Kilinc [29], Katore et al.[30] have proposed different form of decelera-
tion parameter.Keeping this in view, we consider another possibility of deceleration parameter as
follows:

𝑞 = −
¥𝑆𝑆
¤𝑆2

= −𝑏(𝑡) − 1 (13)

where 𝑆3 = 𝑉 = 𝐴𝐵2. We choose 𝑏(𝑡) = 𝑡2

4 (1 − 2𝑙𝑜𝑔𝑡), then scale factor 𝑆 and deceleration
parameter read as

𝑆 = 𝑙𝑜𝑔𝑡 (14)

𝑞 = 𝑡2

4
(2𝑙𝑜𝑔𝑡 − 1) − 1 (15)

FIGURE 1, reveals that the sign of deceleration parameter is negative in the past (𝑧 > 0) and at
present (𝑧 = 0) and positive in the future (𝑧 < 0). This shows that the universe was accelerating
at present and decelerating in the future. Using equations (12) and (14) we obtain the follwoing
expression of metric potentials:

𝐴 = (𝑙𝑜𝑔𝑡)
3𝑛
𝑛+2 (16)

𝐵 = (𝑙𝑜𝑔𝑡)
3

𝑛+2 (17)
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Figure 2: Plot of expansion scalar and shear scalar versus redshift z

Figure 3: Plot of Radius of domain walls versus redshift z

The expansion scalar (𝜃) and shear scalar (𝜎) are found to be

𝜃 = 3
𝑡𝑙𝑜𝑔𝑡

(18)

𝜎 =
𝑠𝑞𝑟𝑡3(𝑛 − 1)
(𝑛 + 2)𝑡𝑙𝑜𝑔𝑡

(19)

FIGURE 2, shows that the rate of expansion of the universe is decreasing function. It was large in
the past. The 𝜎 → 0 as 𝑧 → −1 i.e. the initial anisotropic universe tends to isotropic one. It is
remarkable to note that it is as per expectation.

The Gauss Bonnet Invariant (𝐺) is obtained as

𝐺 = − 648𝑛
(𝑛 + 2)3𝑡4(𝑙𝑜𝑔𝑡)3 (20)

Using equations (7),(8),(16),(17), (20) the Gauss Bonnet function in terms of time is obtained as

𝑓 = − 𝑙7
𝑡2(𝑙𝑜𝑔𝑡)3 + 𝑙8

𝑡4(𝑙𝑜𝑔𝑡)2 + 𝑙9
𝑡4(𝑙𝑜𝑔𝑡)3

∞∑
𝑚=1

(2𝑡)𝑚

𝑚 × 𝑚!
(21)
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where 𝑙1 = 𝑛2+𝑛−2
72(𝑛−1) + 7(𝑛+2)

864 , 𝑙2 = 𝑛2+𝑛−2
108(𝑛−1) + (𝑛+2)

324 , 𝑙3 = 𝑛2+𝑛−2
108(𝑛−1) + 2

27 , 𝑙4 = 𝑛2+𝑛−2
36(𝑛−1) + (𝑛+2)

108 , 𝑙5 =
(𝑛+2)

72 , 𝑙6 = 𝑛2+𝑛−2
108(𝑛−1) + (𝑛+2)

324 , 𝑙7 = 648𝑛𝑙1
(𝑛+2)3 , 𝑙8 = 648𝑛𝑙2

(𝑛+2)3 , 𝑙9 = 648𝑛𝑙3
(𝑛+2)3

The energy density is obtained as

𝑘𝜌 = 𝑑1
𝑡
− 𝑑2
𝑡𝑙𝑜𝑔𝑡

− 𝑑3
𝑡(𝑙𝑜𝑔𝑡)2 + 𝑑4

(𝑡𝑙𝑜𝑔𝑡)2 + 𝑑5
𝑡2𝑙𝑜𝑔𝑡

+ 𝑑6
𝑡2(𝑙𝑜𝑔𝑡)3

+ 𝑑7
𝑡2(𝑙𝑜𝑔𝑡)4 + 𝑑8

𝑡4(𝑙𝑜𝑔𝑡)2 + 𝑑9
𝑡4(𝑙𝑜𝑔𝑡)3

∞∑
𝑚=1

(2𝑡)𝑚

𝑚 × 𝑚!

(22)

where 𝑑1 = 24𝑙5
𝑛+2 , 𝑑2 = 24(𝑙4−𝑙5)

𝑛+2 , 𝑑3 = 24𝑙6
𝑛+2 , 𝑑4 = 15−6𝑛

(𝑛+2)2 + 144𝑙4
(𝑛+2)2 + 144(1−𝑛)𝑙5

(𝑛+2)3 , , 𝑑5 = − 6
𝑛+2 −

144𝑙5
(𝑛+2)2 , 𝑑6 = −144(1−𝑛)𝑙4

(𝑛+2)3 − 144𝑙6
(𝑛+2)2 + 𝑙7 − 648𝑛𝑙1

(𝑛+2)3 , 𝑑7 = 144(1−𝑛)𝑙6
(𝑛+2)3 , 𝑑8 = 648𝑛𝑙2

(𝑛+2)3 − 𝑙8, 𝑑9 = 648𝑛𝑙3
(𝑛+2)3 − 𝑙9

The pressure is obtained as

−𝑘𝑃 = ℎ1
(𝑡𝑙𝑜𝑔𝑡)2 + ℎ2

𝑡2(𝑙𝑜𝑔𝑡)3 + ℎ3
𝑡2(𝑙𝑜𝑔𝑡)4 + ℎ4

𝑡4(𝑙𝑜𝑔𝑡)2 + ℎ5
𝑡4(𝑙𝑜𝑔𝑡)3

∞∑
𝑚=1

(2𝑡)𝑚

𝑚 × 𝑚!
(23)

where ℎ1 = 648𝑙5
(𝑛+2)3 + 9(1+2𝑛)

(𝑛+2)2 , ℎ2 = 𝑙7 − 648𝑛𝑙4
(𝑛+2)3 − 648𝑛𝑙1

(𝑛+2)3 , ℎ3 = 648𝑛𝑙6
(𝑛+2)3 , ℎ4 = 648𝑛𝑙2

(𝑛+2)3 − 𝑙8, ℎ5 =
648𝑛𝑙3
(𝑛+2)3 − 𝑙9
When the domain walls are formed in the early universe, there is one domain wall per Hubble
horizon [12,31]. They follows scaling law as [31]

𝜌 ∼ 𝜎𝑑𝐻 (24)

where 𝜎𝑑 is the tension density of domain walls and 𝐻 = 1
3𝜃 is Hubble parameter. The tension

density (𝜎𝑑) of the domain wall is obtained as

𝑘𝜎𝑑 = 𝑑1𝑙𝑜𝑔𝑡 − 𝑑2 −
𝑑3

(𝑙𝑜𝑔𝑡)
+ 𝑑4

(𝑡𝑙𝑜𝑔𝑡)
+ 𝑑5

𝑡
+ 𝑑6

𝑡(𝑙𝑜𝑔𝑡)2

+ 𝑑7
𝑡(𝑙𝑜𝑔𝑡)3 + 𝑑8

𝑡3(𝑙𝑜𝑔𝑡)
+ 𝑑9

𝑡3(𝑙𝑜𝑔𝑡)2

∞∑
𝑚=1

(2𝑡)𝑚

𝑚 × 𝑚!

(25)

Now we define 𝐻𝑑 as[32]
𝐻𝑑 ≡ 𝜎𝑑

𝑀2
𝑝

(26)

where 𝑀𝑝 denotes reduced Plank scale. At 𝐻 ∼ 𝐻𝑑 , the domain walls start to dominate and the
universe will be extremely inhomogeneous afterwards.The radius of wall 𝑅𝑑 and the distance of
two neighboring walls 𝐿𝑑 are defined as [33]

𝑅𝑑 ∼ 𝐿𝑑 ∼ 𝐻−1 (27)

The radius of domainwalls was small in the past 𝑧 > 0 than the present 𝑧 = 0 and it is increasingwith
decreasing redshift. In the future (𝑧 < 0), it will be large. The distance between two neighboring
domain wall is increasing. It was small in the past and tends to large in the future (see FIGURE 3).
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Figure 4: Plot of energy density and tension density versus redshift z

From FIGURE 4, it is clear that energy density of walls was large in the past and tends to zero as
𝑧 → −1. The tenstion density of the wall was small in the past and diverges with decreasing redshift
i.e. it means that walls will be not present in the future, it is according to the expectation.

It has been pointed out that when radius of wall was small the tension density was also small
whereas energy density was large in the past. As the radius increases, the tension density also
increases and energy density decreases with decreasing redshift. We have adopted the formulation
of Nakayama et al.[32],let us roughly estimate the energy density of gravitational wave (gw).The
power of gravitational wave (gw) is obtained from the following quadrupole radiation formula:

¤𝐸𝑔𝑤 ∼ 1
𝑀2

𝑝

(
𝑑3𝐽

𝑑𝑡3

)2
(28)

where 𝐽 stands for quadrupole moment of the objects. The quadrupole formula describes the rate
at which gravitational waves are emitted from a system of masses based on the changes of the
quadrupole moment. The mass quadrupole is similar to the electric charge quadrupole. When the
mass quadrupole moment changes with time, it can produce gravitational radiation. In the scaling
regime quadrupole moments is obtained to be 𝐽 ∼= 𝜎𝑑

𝐻4 . Then the gravitational wave emitted during
one Hubble time is given by

𝜌𝑔𝑤 ∼
¤𝐸𝑔𝑤𝐻

−1

𝐻−3 ∼ 𝜎𝑑

𝑀2
𝑝

(29)

From FIGURE 5, it is observed that energy density of gravitational wave was large in the past as
compare to the present. It will be large in the future. As the tension of domain walls is increasing
from certain value of redshift, the domain walls must be vanished. There is bound on the tension
of domain walls.𝜎𝑑 > 𝑂(𝑀𝑒𝑉3),[34]. Due to the existence of the energy bias, domain walls may
produce gravitational waves [34].

3. CONCLUSION

In this papaer we have presented Bianchi type I space time in the context of 𝑓 (𝐺) theory of grav-
itation for domain walls. Production of gravitational wave from domain walls is estimated. It is
found that the universe is accelerating and expanding at the present. The anisotropy of the universe
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Figure 5: Plot of energy density of gravitational wave versus redshift z

is vanished at the present i.e. the universe is isotropic. The radius of domain walls was small
in the past and it is increasing with decreasing redshift. The energy density of the domain walls
is decreasing function of redshift. Tension density of domain wall is increasing with decreasing
redshift. The domain walls are not present The distance between two neighboring domain walls is
also increasing with decreasing redshift. The energy density of gravitation wave is large in the past
and in the future comapare to the present. It may possible that they produce gravitational wave.
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